Using a framework based on the 1 + 3 formalism, we show that a source represented by a geodesic, dissipative, rotational dust, endowed with axial and reflection symmetry, violates regularity conditions at the center of the fluid distribution, unless the dissipative flux vanishes. In this latter case the vorticity also must vanish, and the resulting spacetime is Friedman-Robertson-Walker (FRW). Therefore it does not produce gravitational radiation.
I. INTRODUCTION
In a recent paper [1] , the 1 + 3 formalism [2] [3] [4] [5] has been used to develop a general framework for studying axially symmetric dissipative fluids. More recently, the above mentioned framework has been applied to study the perfect and geodesic, fluid case [6] , without imposing from the beginning the shear-free condition. However, as a result of this study, it appears that all possible models, compatible with the assumed line element, are in fact shear-free, and according to the result obtained in [7] , they are Friedman-Robertson-Walker (FRW), i.e. they do not produce gravitational radiation.
We recall that we define a state of intrinsic gravitational radiation (at any given point), to be one in which the super-Poynting vector does not vanish for any unit timelike vector [8] [9] [10] . Then since the vanishing of the magnetic part of the Weyl tensor implies the vanishing of the super-Poynting vector, it is clear that FRW does not produce gravitational radiation. It is also worth recalling that the tight link between the super-Poynting vector and the existence of a state of radiation, is firmly supported by the relationship between the former and the Bondi news function [11, 12] (see [13] for a discussion on this point).
The fact that a non-dissipative source, does not radiate gravitational waves, becomes intelligible if we recall that radiation is an irreversible process. This emerges at once if absorption is taken into account and/or Sommerfeld type conditions, which eliminate inward traveling waves, are imposed [11] . Accordingly, an entropy generator factor should be present in the description of the source, a factor which of course is absent in a perfect fluid, and even more so in a collisionless dust. In other words, we should expect the irreversibility of the process of emission of gravitational waves, to be represented in the equation of state through an entropy increasing (dissipative) factor.
From the comments above, it becomes clear that the simplest fluid distribution which we might believe to be compatible with a gravitational radiation, is a dissipative dust under the geodesic condition. Such a case will be analyzed in this work.
We shall consider separately the two possible subcases, namely: the fluid distribution is assumed, from the beginning, to be vorticity-free, or not.
In the former case, it is shown that the vanishing vorticity implies the vanishing of the heat flux vector, and therefore, as shown in [6] , the resulting spacetime is FRW.
In the latter case, it is shown that the enforcement of the regularity conditions at the center, implies the vanishing of the dissipative flux, leading also to a FRW spacetime.
Thus all possible models, sourced by a dissipative geodesic dust fluid, belonging to the family of the line element considered here, do not radiate gravitational waves during their evolution, unless regularity conditions at the center of the distribution are relaxed.
We shall discuss about this result and its relationship with the peculiar evolution of the vorticity under the geodesic condition.
This work heavily relies on the general framework developed in [1] , keeping the same notation, and just reducing the general equations to the particular case considered here. These will be presented in an Appendix.
II. THE DISSIPATIVE, GEODESIC, DUST
Let us consider axially and reflection symmetric geodesic dust distributions (not necessarily bounded). For such a system the line element in "Weyl spherical coordinates", is assumed as in [6] :
where B and C, are positive functions of t, r and θ, andG depends only on r, θ. We number the coordinates x 0 = t, x 1 = r, x 2 = θ, x 3 = φ. The energy momentum tensor in the "canonical" form reads:
where as usual, µ, q α and V β denote the energy density, the heat flux vector and the four velocity, respectively. The heat flux vector can be decomposed, in terms of two scalar functions q I , q II , as (see [1] for details)
with vectors K and L having components:
Next, the shear tensor
where
may be defined through two scalar functions, as:
The above scalars may be written in terms of the metric functions and their derivatives as (see [1] ):
For the other kinematical variables (the expansion and the vorticity) we have:
whereas the vorticity may be described, either by the vorticity vector ω α , or the vorticity tensor Ω βµ , defined as:
, and η αβµν denotes the LeviCivita tensor. We find a single component different from zero, producing:
and
with the scalar function Ω given by
Observe that from (14) and regularity conditions at the centre, it follows that:
Regularity conditions at the center, necessary to ensure elementary flatness in the vicinity of the axis of symmetry [14] [15] [16] , require that as r ≈ 0
implying, because of (14) , that in the neighborhood of the centerG
This last result in turn implies that as r aproaches 0,
Now, from the elementary flatness condition, we may write, as r → 0,
implying
where γ(t, θ) is an arbitrary function of its arguments. We shall treat separately, the two possible cases, with and without vorticity.
Let us first consider the restricted caseG = 0 ⇔ Ω = 0.
III. THE VORTICITY FREE CASE
In order to prove the main result of this work, i.e., that a source represented by a geodesic, dissipative, dust, endowed with axially and reflection symmetry, is just Friedman-Robertson-Walker (FRW), we shall first consider the case when the dust is irrotational.
Thus, if we assume the vorticity to vanish, then, from, (8, 9, 10) we get
implying:
In this case (A.1) produces the following two equationṡ
Using (20) in (22, 23), we obtain at once
where α 1 (r, θ), α 2 (r, θ) are arbitrary functions of their arguments, and
Next from (A.6) in the vorticity free case, we obtain:
The combination of (24) with (27) produces
which implies
where T andB are arbitrary functions of their arguments. Next, (A.7, A.8, A.9, A.10), read, in this case, respectively:
Combining (32) with (33), we obtain
where H 1 , H 2 are the two scalars defining the magnetic part of the Weyl tensor (see Eq.(37) in [1] ). From (30) and (31), it follows that
which by virtue of (21), become
where (29) has been used. Feeding back these two last equations into (32, 33), and using (29), we obtain
Next, combining (A.11, A.12) with (34, 39) we obtain
From (37), (38), using (25) and (29), we obtaiṅ
whose first integral may be written as
where R(r, θ) is an arbitrary integration function. The above equation, in turn, produces
with
Feeding back (43) into (37) and (38), it follows at once that q I = q II = 0, which by virtue of (39) implies that the magnetic part of the Weyl tensor vanishes. Furthermore, since the fluid is geodesic and non-dissipative it must be FRW, as shown in [6] . We shall next consider the case where the vorticity is not assumed to vanish from the beginning.
IV. THE NON-VANISHING VORTICITY CASE
In the previous section we have shown that, if the vanishing vorticity condition is assumed ab initio, then, the fluid configuration is just FRW. We shall now prove that this is the case even if such a condition is not imposed from the beginning.
Thus, let us now relax the vorticity-free condition.
In this case we shall proceed as follows. Contracting (A.14) with vectors K and L, we obtain respectively
with D t f ≡ f ,β V β . Let us now impose the regularity conditions at the center in (45, 46).
Close to the center, we may write
where N > 1, and which implies because of (15)
Feeding back (47) into (45), it follows at once that as r ≈ 0,
where the fact has beeen used that T ,r and q I have the same behaviour at the center, and of course, all physical and geometrical variables are regular at r ≈ 0.
But then, using (49) in (46) it follows that
which of course is more restrictive than (48). We must then assume (50) instead of (48), in which case (45) produces
implying because of (46)
Going through this cycle, once and again, as many times as desired, it is obvious that
where now N is an arbitrarily large number. In other words, not only q I,II , but also all their r-derivatives of any order, vanish at the center. This in turn implies that we can proceed exactly as in subsections II.B and II.C in [6] , and prove that close to the center we also have H
Then, assuming that q I,II are of class C ω , we can analytically continue the zero value at the center to the whole configuration, i.e. we have a non-dissipative fluid. In this case as we know from [6] , the system is a FRW.
V. CONCLUSIONS
At the light of the results obtained in [6] , we started this research harboring the hope, that the inclusion of the dissipative term in the geodesic fluid distribution, would be enough to provide us with a well behaved source of gravitational radiation. However, the final result indicates that the geodesic condition is too restrictive, leading to the impossibility of ensuring regularity conditions at the center, in the presence of a dissipative flux (i.e. bringing us back to the case analyzed in [6] ).
But, could we guess such a result, before carrying out the discussion presented here, only based on the geodesic condition? As we shall see now, the answer to this question, might be yes.
Indeed, in the Ω = 0 subcase, the above mentioned result might have been inferred based on the link between vorticity and gravitational radiation [17] .
To see how this affirmative answer might have been guessed, in the second subcase (i.e. when the vorticity is not assumed to vanish from the beginning), let us recall the evolution equation for the vorticity scalar (Eq. B5 in [1] , for the geodesic case), which readṡ
Now, let us ignore, for a moment, the result obtained in this paper, about the fact that the geodesic condition leads to a FRW spacetime, implying the vanishing of vorticity, and let us focus on the equation above.
From (54) we see that the vanishing of vorticity at any given time, implies its vanishing at any other time afterwards, or, alternatively, the presence of a non-vanishing vorticity in a geodesic fluid distribution, at any given time, implies that such a vorticity was there always, before that time. In other words, any possible nonvanishing vorticity in such a system, would be a primordial one. Such a conclusion, of course, is independent on whether or not the system is dissipative. Now, the situation depicted above prevents the possibility to have an initially static system, which at some given moment departs from equilibrium and starts to evolve with a non vanishing vorticity, during a finite period of time. But then, and based on the link between vorticity and gravitational radiation, mentioned before, we might conclude, just from (54), that gravitational radiation from a physically meaningful system, i.e. one which radiates for a finite period of time, is not to be expected under the geodesic condition, even though the dissipation is not excluded ab initio.
Of course, all these "hand waving" arguments, as sound as they may be, only provide the basis for a conjecture, and cannot replace the formal proof presented in sections III and IV.
The following comments are in order before ending:
1. In [6] , it was shown that, only using the evolution equation for the vorticity, for the perfect (i.e. in thermodynamic equilibrium) and, non-geodesic, fluid, the vorticity is also a primordial one. Indeed, in this latter case, the evolution equation for the vorticity becomes
where Γ = ln T , and T denotes the temperature. Thus, even if the fluid is not geodesic, but is nondissipative, the situation is the same as in the geodesic case, i.e. the vanishing of vorticity at any given time implies its vanishing for any time in the future.
We then noticed that such a result was in agreement with earlier works indicating that vorticity is produced by dissipation [18] - [23] , which was absent in that discusssion. Here we do have a dissipative term, but only before enforcing the regularity conditions, and nevertheless the nature of the vorticity is of the same kind as that of the dissipationless case. Of course, once regularity conditions are enforced, the resulting fluid is just FRW, implying vorticity and dissipation, vanish.
2. We must recall that the line element (1), for which our results were obtained, is not the most general, compatible with the axial symmetry. In particular, in the spherically symmetric limit, it describes only shear-free fluids. This is so because the shear, is now sourced by the magnetic parts of the Weyl tensor.
Indeed, from (32) and (33) we find that if the magnetic part of the Weyl tensor vanishes, theñ
where ψ(t) is an arbitrary integration function. The above equation implies, because of the regularity condition (18) , thatσ = 0.
3. Models compatible with the geodesic condition do exist, if regularity conditions at the center are relaxed.
4. If regularity conditions at the center are maintained, then, physically acceptable models require the inclusion of, both, dissipative and anisotropic stresses terms, i.e. the geodesic condition must be abandoned. In this case, purely analytical methods are unlikely to be sufficient to arrive at a full description of the source, and one has to resort to numerical methods. Below, we shall write only the equations required for our discussion, and specialized for the geodesic and dissipative dust, from the framework developed in [1] .
The equation (A7) in [1] , which comes from the conservation law T α β;α = 0, leads in our case to:
which is the "generalized Euler" equation.
From B.10, B.12, B.13, in [1] , which are some of the scalar equations resulting from the projections of the Bianchi identities with the tetrad vectors, we obtain respectively
A combination of (A.3) and (A.4) produces
whereas from (A.2) with (A.5) we obtainG
Next, from B.6, B.7, B.8, and B.9 of [1] , which are obtained by contracting the Ricci identities with the tetrad vectors, we obtain
(A.8) (A.14)
